Abstract: We obtain Liouville type theorems for holomorphic mappings with bounded s-distortion between C n and positively curved Kähler manifolds.
Introduction
The classic Liouville theorem states that-every bounded holomorphic function on the entire complex plane is constant. H.Grötzsch observed that the classic Liouville theorem can be extended to quasi-conformal mappings. A smooth mapping f : R n − − → R n is called quasi-conformal, if it is orientation preserving, and locally it is a diffeomorphism such that |df | n ≤ KJ(f ), a.e. for some s ∈ (0, ∞).
In this paper, we consider holomorphic mappings with bounded s-distortion between complex manifolds and obtain Liouville type theorem for such mappings. Let's recall several classic Liouville type theorem for holomorphic mappings and quasi-conformal mappings between manifolds. The study of the Schwarz Lemma and Liouville type theorem for non-holomorphic quasi-conformal(quasi-regular) mapping was started from Kiernan([12] ) in our knowledge. From then, there are many mathematicians study the harmonic mappings with various bounded distortion, for example, Chern, Goldberg, Har'El, Ishihara, Petridis, Shen ([3] , [6] , [7] , [8] , [9] , [17] ), etc. We summarize their works wildly in the following: 
where C is a positive constant depending on K and the dimension of the manifolds. In particular, if f :
The common conditions in the Schwarz Lemma and Liouville type theorem are
(1) The target should be negatively curved;
(2) The mapping should satisfy certain bounded distortion condition.
In this paper, we consider the Liouville type theorem for positively curved targets instead of negatively curved ones. By a geometric interpretation of inequality (1.2), we obtain:
Main Theorem Let (N, h) be a complete Kähler manifold of complex dimension n, and f : (C n , ω C n ) − − → (N, h) be holomorphic. If f is a mapping with bounded 2s-distortion and N has the curvature property (Q s ), then f is constant.
In fact, the curvature condition (Q s ) has a geometric explanation. It is equivalent to the Griffiths positivity of the (formal) vector bundle
For any compact Kähler manifold with c 1 (M ) > 0, the anti-canonical line bundle K * N is a positive line bundle, so there exists some small s ∈ (0, ∞) such that the vector bundle G is Griffiths positive, i.e., the curvature condition Q s can be satisfied automatically(Theorem 2.10). 
In particular, for P n , we obtain Corollary 1.4. If f : C n − − → P n is a holomorphic mapping with bounded sdistortion, 0 < s < n + 1, with respect to the canonical metrics, then f is a constant.
There do exist holomorphic mappings of bounded s-distortion between C n and P n for some s. For example, the canonical map f :
is a holomorphic mapping with bounded (2n + 2)-distortion and it fails to be a mapping of bounded s-distortion for any s ∈ (0, 2n + 2). In particular, it is not quasiconformal.
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Mappings of bounded s-distortion between manifolds
In the paper [18] , the authors consider a generalized version of mappings with bounded distortion.
for some positive constant K.
It is obvious that, mappings of bounded n-distortion are quasiconformal. But in general, a holomorphic mapping can be bounded s-distortion for some s but not quasiconformal.
There is no positive constant K such that
which is undounded on
is a holomorphic mapping of bounded 2-distortion, but it is not a mapping of bounded 4-distortion. Now we go to define mappings of bounded distortion between manifolds. Let f : (M, g) − − → (N, h) be a smooth mapping between oriented n-dimensional Riemannian manifolds. In the local coordinates (x α ) and (y i ) on M and N respectively, we set
where f i = y i • f . The pointwise operator norm of df with respect to the metrics g and h is given by
where
Here and henceforth we sometimes adopt the Einstein convention for summation. It is obvious that |df (x)| 2 is the maximal eigenvalue of the positive definite matrix A = (A αβ ) with respect to the metric g where
) and |df (x)| are well defined and do not depend on the local coordinates. Definition 2.3. A smooth mapping f : (M, g) − − → (N, h) between oriented ndimensional manifolds is said to have bounded s-distortion (0 < s < ∞) with respect to the metrics g and h if it is a constant or a local diffeomorphism with
Now we recall some notations on Kähler manifolds. Let {z α } n α=1 be the local holomorphic coordinates on the Kähler manifold (M, g), then the metric g is locally represented by a Hermitian positive matrix (g αβ ), that is
If ∇ is the complexified Levi-Civita connection on M , the curvature of ∇ is locally given by
∂z α ∂z β For more basic notations of complex geometry, we refer the reader to the book [5] .
Let f : (M, g) − − → (N, h) be a holomorphic mapping between Kähler manifolds with complex dimension n. In the local holomorphic coordinates w α and z i on M and N respectively,
On the other hand, the Riemannian volume and the Kähler metric is related by dV = ω n n! therefore by formula (2.2),
The real dimension of the manifolds M and N is 2n. That is, a bounded 2n-distortion mapping is quasiconformal.
The curvatures of manifolds and J(f ) are related by the following formula(see [2] ).
Lemma 2.4. Let (M, g) and (N, h) be two complete Kähler manifolds of complex dimension n. Let f : (M, g) − − → (N, h) be a holomorphic mapping, then at a point J(f ) = 0, the following formula holds
Proof. If ϕ is a holomorphic function without zero point,
Since det(f i α ) is holomorphic, by formula (2.7), we obtain √ −1
Lemma 2.5. Let (N, h, ω h ) be a complete Kähler manifold. If X is a holomorphic vector field of N , then on a small neighborhood of point P such that X P = 0,
is a semi-positive (1, 1) form where R ijkl is the curvature of (N, h) given by
Proof. We can choose the normal coordinates (z 1 , · · · , z n ) centered at the fixed point P ∈ N , i.e., h ij (P ) = δ ij and ∂h ij ∂z k (P ) = ∂h ij ∂z l (P ) = 0. More precisely, on the small neighborhood of P ,
At the fixed point P ,
If we set
Definition 2.6. Let (N, h) be a complete Kähler manifold. We say that (N, h) has the curvature property (Q s ) if for any u, v ∈ C n − {0},
for some constant s ∈ (0, ∞).
Remark 2.7. We have a geometric explanation of the curvature formula (2.10). If E and F are two holomorphic vector bundles with connections ∇ E and ∇ F , then the curvature of the induced connection on E ⊗ F is
where R E and R F are the curvatures of E and F respectively. Apply this to the (formal) vector bundle
we get the curvature of it, which is locally given by
where K N is the canonical line bundle of the manifold N . The positivity condition in the definition is nothing but the Griffiths positivity of the vector bundle G,
Example 2.8. Let (P n , ω F S ) be the complex projective space with the FubiniStudy metric. Locally, it can be written as
It is well-known that
It is obvious that, for nonzero X,
Then basic linear algebra shows that the above matrix is Hermitian positive if and only if
Corollary 2.9. (P n , ω) has the property (Q s ) with 0 < s < n+1 2 .
Formally, we have 
Ric(ω) ≥ εω
It is obvious that the holomorphic bisectional curvature R ijkl is also bounded, that is, there exists ε 1 > 0 such that
Hence, there exists s 0 ∈ (0, ∞) such that
for any nonzero X = X i ∂ ∂z i and ξ = ξ j ∂ ∂z j . The constant s 0 depends on the manifold M and ω. Proof. Let ω h be the corresponding Kähler form of h. On the local holomorphic coordinates (z 1 , · · · , z n ) of N , we can write
If f is not constant, then for any nontrivial constant holomorphic vector field
h is nonzero everywhere by the local diffeomorphism property of mappings of bounded distortion. We claim that
is a semi-positive (1, 1)-form on C n if N has curvature property (Q s ).
In fact, we have
By a similar computation as Lemma 2.5,
where W γδ is a semi-positive Hermitian matrix by Schwarz inequality. In the sense of Hermitian positivity, we obtain
where the last step follows by the the curvature condition (Q s ).
On the other hand, by Lemma 2.4,
By formula (2.11), we obtain
The weight function
is plurisubharmonic on C n . By the definition (2.6) of |df |,
Then we get
for some positive constant K by the definition of bounded 2s-distortion mapping.
Since Y is a constant vector field on C n , we obtain that Φ is a plurisubharmonic function bounded from above and so Φ is constant on C n . That is L = 0. By formula (2.13), we know ∂f i ∂w γ = 0 for any i and γ. Finally, we obtain f is anti-holomorphic, and so it is constant. In particular, for P n we obtain Corollary 2.13. If f : C n − − → P n is a holomorphic mapping with bounded sdistortion, 0 < s < n + 1, with respect to the canonical metrics, then f is a constant.
Proof. It follows easily from Corollary 2.9.
Example 2.14. Let f : (C n , ω C n ) − − → (P n , ω F S ) be the canonical map
Then f is a holomorphic mapping with bounded (2n + 2)-distortion and it fails to be a mapping of bounded s-distortion for any s ∈ (0, 2n + 2). In particular, it is not quasiconformal.
In fact, on the chart U 0 = {[z 0 , · · · , z n ] |z 0 = 1},
It is obvious that (h ij ) has two different eigenvalues, λ max = (1 + |z i | 2 ) −1 with multiplicity (n − 1) and λ min = (1 + |z i | 2 ) −2 with multiplicity 1. Therefore,
By formula (2.7), is unbounded on C n . In summary, f : C n − − → P n is a holomorphic mapping of bounded (2n + 2)-distortion and it fails to be a mapping of bounded s-distortion for any s ∈ (0, 2n + 2).
